The Hasimoto planar vortex filament is one of the rare exact solutions to the classical local induction approximation (LIA). This solution persists in the absence of friction or other disturbances, and it maintains its form over time. As such, the dynamics of such a filament have not been extended to more complicated physical situations. We consider the planar vortex filament under the quantum LIA, which accounts for mutual friction and the velocity of a normal fluid impinging on the filament. We show that, for most interesting situations, a filament which is planar in the absence of mutual friction at zero temperature will gradually deform owing to friction effects and the normal fluid flow corresponding to warmer temperatures. The influence of friction is to induce torsion, so the filaments bend as they rotate. Furthermore, the flow of a normal fluid along the vortex filament length will result in a growth in space of the initial planar perturbations of a line filament. For warmer temperatures, these effects increase in magnitude, since the growth in space scales with the mutual friction coefficient. A number of nice qualitative results are analytical in nature, and these results are verified numerically for physically interesting cases.
Introduction
Superfluid He II has been viewed hydrodynamically as a mixture of two components [1] , consisting of a superfluid liquid moving with a velocity v and a classical fluid. This superfluid component has no shear viscosity and cannot absorb or carry heat. The motion of the two components is thermodynamically reversible and therefore they are independent. Owing to the appearance of quantized vortices, the model fails in general [2, 3] . The Hall-Vinen-Bekarevich-Khalatnikov model [4] [5] [6] describes the coarse-grained (average) hydrodynamics of superfluids containing a mass of nearly parallel vortex lines. For a modern review of these issues, see [7] .
The motion of a single quantized vortex filament is governed by non-local Biot-Savart dynamics. These non-local dynamics are often approximated through the local induction approximation (LIA). We should note that a planar vortex filament solution is known to exist for the classical LIA. For these reasons, it makes sense to consider the Schwarz [8] model for the dynamics owing to the velocity v, and this model is given by v = γ κt × n + αt × (U − γ κt × n) − α t × (t × (U − γ κt × n)), (1.1) which approximates the non-locality of the Biot-Savart dynamics with the local LIA term γ κt × n, while also accounting for mutual friction. We refer to (1.1) as a quantum LIA. The vector U is the dimensionless normal fluid velocity, t and n are the unit tangent and unit normal vectors, respectively, to the vortex filament, κ is the local curvature, γ = Γ ln(c/κa 0 ) is a dimensionless composite parameter (Γ is the dimensionless quantum of circulation, c is a scaling factor of order unity, a 0 ≈ 1.3 × 10 −8 is the effective core radius of the vortex,κ is the average curvature), α and α are dimensionless mutual friction coefficients which are small (except near the λ-point; for reference, the λ-point is the temperature (which at atmospheric pressure is ≈ 2.17 K) below which normal fluid helium transitions to superfluid helium [9] ). The friction parameters α and α are small, and Table 1 of Schwarz [8] shows that at temperature T = 1 K we have α = 0.006 and α = 0.003, while at temperature T = 1.5 K we have α = 0.073 and α = 0.018. The other coefficients in the quantum LIA are often taken to be of order unity. In the limit (α, α ) → (0, 0), we recover the classical Da Rios equations for the motion of a vortex filament in a standard fluid [10, 11] v = γ κt × n, (1.2) which is just the classical LIA. Including the γ term in the time scale, (1.3) can be written as
where V = (1/γ )U. Regarding the classical fluid LIA, Hasimoto [12] considered a planar vortex filament in the curvature-torsion frame of reference. This influential and often cited paper demonstrates the relation between the curvature of a vortex filament and elastica. Such a solution was also considered by Kida [13] , who obtained results in terms of elliptic integrals in the moving (timedependent) arclength coordinate frame, with stability results for some filaments in this framework later provided [14] . Fukumoto [15] considered the influence of background flows on such vortex filaments. In the Cartesian coordinate frame, some preliminary results were determined by Van Gorder [16] , though only some special solutions were given. Using a multiple-scales approach, perturbation solutions were constructed in the Cartesian reference frame by Van Gorder [17] , as a function of the maximal deflection from the reference axis. These perturbation solutions were accurate provided that deviations from a reference axis were sufficiently bounded. Orbital stability of the planar filament was discussed in Van Gorder [18] through an analytical approach. There is an alternate formulation of the classical LIA, given by Umeki [19] , which provides the LIA in an arclength-tangent vector coordinate frame. The Hasimoto filament can be determined exactly in this frame (as is also true of the curvature-torsion frame), and the results were worked out by Van Gorder [20] . However, the conversion between the arclength and Cartesian solutions is not simple, so it is often worthwhile to consider the Cartesian case directly.
While the planar filament has been studied under multiple models, for quantum LIA such filaments have so far been approximated (numerically or analytically) under potential forms of the LIA (such as in Cartesian coordinates [21] or in the arclength-tangent vector frame [22] ). These are approximations to the LIA, valid under certain restrictions such as that deviations from a reference axis must remain small to be of sufficient bounded variation, and thus a more direct approach could be enlightening. In particular, while such potential formulations are useful in some parameter regimes, there are often restrictions (such as on amplitude of any waves along a filament, on the wavenumber of solutions, and so on) that must be obeyed. In this paper, we work directly with the LIA, as opposed to any approximating potential form. While this means that the mathematics may not be as elegant, we benefit from having a precise representation of the solutions. We shall consider the quantum LIA directly in Cartesian coordinates, as this allows for easy visualization of the vortex filament solutions. Our goal in doing this is to determine both qualitative and quantitative effects of the mutual friction parameters and the normal fluid velocity on the planar vortex filaments. In this way, we extend the planar filaments of Hasimoto valid under the classical LIA to a new type of filament under the quantum form of the LIA.
The paper is organized as follows. In §2, we review the planar filament in the classical fluid model and attempt to extend such a solution to the quantum fluid model directly. A solution of this type is possible only when the normal fluid velocity varies in space and takes a particular form, meaning that such a solution is of narrow applicability. In §3, we overcome such difficulties by defining a different type of filament, which happens to be planar at α, α = 0 yet non-planar away from the origin when α, α > 0. Such a solution is the true generalization of the planar filament for the quantum LIA, and indeed this solution allows us to study the dynamics of a planar filament in the quantum LIA. The influence of the normal fluid velocity and of the mutual friction parameters on this family of solutions is discussed both through analytical approximation and numerical simulation. The results suggest that the friction parameters result in a twisting of the filaments, while the normal fluid directed along the filament results in a type of growth in the space variable, reminiscent of (but different than) the Donnelly-Glaberson instability [23] [24] [25] for helical filaments under the quantum LIA.
A purely planar vortex filament
In the Cartesian coordinate geometry, we write r = (x, y, z). Then, in this coordinate frame, we have [17] 
2)
We then have
The general form of a rotating planar vortex filament under LIA is given by r(x, t) = (x, cos(t)ψ(x), − sin(t)ψ(x)), (2.5) where ψ is some unknown function to be determined. Note that the solution lies on a plane which intersects the x-axis and rotates in time around the x-axis. We shall be most interested in a normal fluid velocity vector oriented along the vortex filament, V = (V, 0, 0), as this will often drive Kelvin waves along the filament. Placing the solution representation (2.5) into the classical LIA (1.2) and making use of (2.1)-(2.4), we find that κt × n = (0, sin(t), cos(t)) ψ 
If we carry out similar computations for the quantum LIA (1.3) and set all three components of the resulting vectors equal, we shall find
where V = U/γ . Each of these equations has a term which we assume is zero
This term naturally vanishes in the α, α → 0 limit. Meanwhile, the analogue to (2.8) in the quantum case is apparently
Let us assume that (2.12) holds equal to zero. This would then imply that (2.13) takes the form
Letψ(x) be a bounded and periodic solution of (2.8). Then, the scaling
is a solution of (2.14). This provides a nice link between the classical and quantum LIA solutions and shows that a purely planar solution is possible, provided that the consistency term (2.12) vanishes. That said, the consistency term (2.12) does not, in general vanish. To see why, note that a planar filament solution to (2.8) is periodic. On the other hand, let us rescale the coefficients in (2.12) to obtain the differential equation
After obtaining a first integral, we should have 17) and therefore at some finite value of x, h should become singular. As this is incompatible with a planar solution, we conclude that (2.12) does not vanish when ψ is a bounded and periodic function as given in (2.15) . Note that a solution (2.15) may still remain a very good approximation to a true filament solution. In this case, the consistency term should be sufficiently small. Indeed, the consistency term is of order α, whereas the solution (2.15) is determined by an equation of order unity.
There is a fix that allows us to obtain a solution (2.15) while also satisfying the consistency condition (2.12), but this involves picking the normal fluid velocity in a very specific way. In particular, if instead of considering a constant velocity for the normal fluid flow, we were to pick 
, then we can use (2.12) to determine conditions on such a function V(x). Doing so, one finds
While this is, of course, a rather narrow restriction on the form of V, it does permit a very elegant solution (2.15). Physically, this restriction is even more limiting, as such a form for V(x) means that V would not satisfy the continuity equation for an incompressible fluid.
As it turns out, a purely planar vortex filament moving without change in form is simply too specialized to exist in a superfluid under normal conditions (the exact solution we get when V = V(x) takes a specific form is certainly not what one would call general in any sense). Rather, it makes more sense to consider a family of vortex filaments what generalize the planar filament in the sense that they reduce to the planar filament in the limit α, α = 0. For α, α > 0, such filaments would not be confined to a plane which rotates about the reference axis, but would rather exhibit planar behaviour in a local sense, while exhibiting other behaviours asymptotically for large |x|. In a way, we could view such vortex filaments as deformations of the planar filaments, with the deformations owing to the influence of both the mutual friction parameters and the normal fluid velocity.
Deformation of a planar filament owing to superfluid parameters
When attempting to construct a purely planar quantum generalization of the planar filament found in the classical LIA, we saw in §2 that in most cases (for instance, when V is a constant vector) there are too few degrees of freedom if we assume that the time evolution of the vortex filament follows (2.5). In order to obtain the most useful generalization of the classical planar filament, we need to consider that the superfluid parameters can cause the filament to become non-planar in a variety of ways. Spatial growth of waves along a quantum vortex filament is possible, while modified torsion owing to the mutual friction parameters is also an issue. To account for such effects, we propose a solution of the form
Placing (3.1) in (1.3), we obtain the differential equations
and
By including two unknown functions, we obtain two differential equations for two unknown functions, as opposed to two differential equations for one unknown function (as was the case for the purely planar filament). The motion of the filament (3.1) is not purely planar, though it contains the pure planar filament as a reduction (taking ψ → 0 gives the pure planar filament). Equations (3.2) and (3.3) come from balancing the last two components in the vector equation resulting from the assumption (3.1). As the solution is no longer purely planar, the x-component of this equation is not identically zero and is given in terms of φ and ψ by
The assumption (3.1) is then reasonable when the quantity J[φ, ψ] is sufficiently small, and therefore we have a consistency condition of the form J[φ, ψ] ∼ , where is sufficiently small. If the amplitude of the solution (3.1) is small enough, then this quantity will be rather small. In the numerical solutions considered later, we shall see that J[φ, ψ] ∼ α 2 . Therefore, the solutions under the approximation (3.1) are reasonable up to order α corrections.
As we should have a planar filament when α, α → 0, we should take φ to be of order unity and ψ to be of order α. While a complete analytical analysis of (3.2) and (3.3) is not possible as the equations are too complicated, we can make some qualitative observations. If we assume ψ = αΨ for some function Ψ of order unity, and we neglect order α 2 and higher terms, we should have
While simplified from (3.2) and (3.3), these equations are still too complicated to solve exactly, owing to the fact that (3.6) does not have a first integral for α = 0. In the case where the amplitude A of a solution φ is sufficiently small, we should find
For small A, the order A 3 corrections are negligible. Near the origin, the solutions maintain a planar appearance, as the exponential growth or decay rate is of order α. The solutions will grow in the space variable for either x > 0 or x < 0, depending on the sign of V. So, there is growth driven by the normal fluid along the direction in which the normal fluid points. This is analogous to the Donnelly-Glaberson instability seen when a normal fluid flow is directed along a helical vortex filament. Note that, in the case where φ is of order unity and ψ is of order α, we find that the consistency condition (3.5) is of order α 2 , meaning that such solutions are valid to order α. As α < α 1, this is still a reasonably good approximation. It is possible to exploit the symmetry of equations (3.2) and (3.3) to obtain a single complex equation. Defining W = φ + iψ, and adding i times (3.3) to (3.2), we obtain
Here, * denotes complex conjugation. Note that (3.9) implies that (3.2) and (3.3) can be mapped to a three-dimensional real system, despite the fact that (3.2) and (3.3) is a four-dimensional real dynamical system. This is due to a certain type of symmetry that exists in the equations (3.2) and (3.3) which is inherited from the LIA itself. To demonstrate this, let us consider the representation
, where R and θ are real-valued functions. Placing this representation into (3.9) and separating the resulting equation into real and imaginary parts, we obtain 
Equations (3.10) and (3.11) constitute a three-dimensional dynamical system. This system can be solved provided that it is non-degenerate. Writing the system in the form
for appropriately defined F 1 and F 2 . The determinant of the Jacobian of the left-hand side of (3.12) and (3.13) must not vanish, which is equivalent to the condition
(3.14)
In the limit α, α → 0, this condition becomes
Therefore, given small enough α and α , the system (3.10) and (3.11) is non-degenerate, and a solution does exist. Equations (3.10) and (3.11) are no simpler to study than (3.2) and (3.3). However, let us assume that any deviations from the reference axis are small, so that |R| ≤ 1. Let us also define the function ξ (x) = R (x)/R(x), which itself should be of order unity. Then, neglecting terms of order 2 and higher, equations (3.10) and (3.11) are reduced to
respectively. To study the qualitative effects of the remaining nonlinearity, we set V = 0, which is physically relevant in the low-temperature limit and also in the case of superfluid Helium 3. We obtain
where
(3.20)
This system admits two equilibrium points when β > 0: (ξ * , θ * ) = (−β/(2ν), ν) and (ξ * , θ * ) = (β/(2ν), −ν), where
A linear stability analysis shows that the equilibrium (−β/(2ν), ν) is unstable, whereas (β/(2ν), −ν) is linearly stable. Eigenvalues of the Jacobian for system (3.18) and (3.19) take the form λ ± = β/θ * ± 2iθ * , so the stable solutions should spiral inward towards the equilibrium, while the unstable solutions should spiral outward from the equilibrium, in the (ξ , θ) phase space. If we consider the space-reversal, the equilibrium points switch stability properties. This suggests that on one half of the x-axis the perturbations along the vortex filament decay, whereas for the opposite half of the x-axis such perturbations grow in space. From the analysis above, we draw several conclusions about the deformation of a planar vortex filament in the quantum form of the LIA. First, the effect of V, the scaled normal fluid velocity, is to grow the planar wave in amplitude along the direction which the normal fluid velocity vector is pointing. The rate of growth in space is moderated by the friction parameter α, which is small. The smaller the parameter α, the slower the growth in space (in the perturbative limit). The inclusion of mutual friction parameters results in a non-trivial phase term, θ. This feature implies that there are torsion effects not present in the classical planar filament. If the initial condition is θ(0) = 0, then such effects are small near the origin, but can become large for large values of |x|. These are all behaviours that are absent in the classical planar filament, but which are suggested by the mathematics above in the case of a quantum planar filament.
In order to verify some of the behaviours suggested by the analytics above, we turn to numerical solutions. As (3.10) and (3.11) are non-degenerate and are equivalent to (3.2) and (3.3), a solution pair (φ(x), ψ(x)) exists (at least locally) for reasonable values of α, α and V. We find that the standard RKF-45 method is sufficient to numerically approximate the solutions of (3.2) and (3.3) to a desirable accuracy. When ψ(x) ≡ 0, we obtain the classical planar vortex filament solution. Therefore, the initial condition ψ(0) = 0 makes sense. We take φ(0) > 0 to be the distance of the planar filament from the reference axis at the origin. Conditions φ (0) = ψ (0) = 0 are not required, but they enforce a nice local symmetry at the origin.
In figure 1 , we consider the planar filament in the T = 1 K case in the presence of a normal fluid velocity directed along the positive x-axis. We also plot the J[φ, ψ] term given in (3.5). This term is zero when the vortex filament is purely planar. For our approximation (3.1) to be reasonable, the term J[φ, ψ] should be small. As we see in figure 2 , this terms is roughly of the order α 2 . Therefore, for small enough α, the assumption of purely rotational motion given in (3.1) is reasonable. In figures 3 and 4, we do the same for the T = 1.5 K case. Growth in space of waves along the line filament occur much more rapidly when temperature increases, as α increases and hence the combined term αV increases-resulting in more exponential growth.
The numerical simulations suggest that the planar filaments do grow with the space variable owing to the normal fluid flow and that the direction of the normal fluid flow along the filament determines where this growth takes place. This is shown nicely when comparing figures 2 and 3, which model the same situation only with the direction of V reversed. Numerical results also show that the greater the speed of the normal fluid, the greater the growth. Both the direction and rate of growth (as a function of temperature and normal fluid velocity) are in agreement with the qualitative analysis performed above. In particular, this is in complete agreement with what was suggested by the analytical approximation in the small-amplitude limit (3.8) . The rate of growth in space is greater when α is larger, hence the planar filaments deviate from the reference axis by a larger extent in warmer temperatures.
Near the origin, the solutions all appear planar in form. However, for larger values of |x|, the solutions undergo torsion effects owing to the interaction with the fluid modelled by the mutual friction parameters, α and α . This is best seen when we compare a true planar filament solution to the classical LIA (α, α = 0) with one of the quantum vortex filaments. We do this in figure 5 , where we see that close to the origin the two filaments agree, whereas as one gets further from the origin, the effects of the mutual friction parameters result in a bending of the rotating filament, while the influence of the normal fluid velocity causes growth in space. For negative x, the quantum filament eventually takes on a helical form, which contrasts with the planar form of the classical filament. For positive x, the quantum filament undergoes strong growth.
Conclusion
In summary, the quantum planar vortex filament differs from the well-known classical planar vortex filament in some important qualitative respects. First, there is a growth in space of the planar perturbations of the quantum filament along the axis of orientation. This is caused by the normal fluid velocity directed along the filament. Next, while the classical planar filament maintained its form, the extension to the quantum model results in a filament that undergoes torsion effects owing to the mutual friction parameters. This causes a bending of the once planar filament the farther removed from x = 0 we look. On one end of the filament, this results in an almost helical appearance for the filament. On the other end of the filament, an interesting pattern is formed that exhibits regularity but is not as uniform as a helical structure.
What these results suggest is that a planar vortex filament structure in a superfluid should be a localized structure, in contrast to the classical fluid case, where such a filament maintains its form globally. Owing to the effect of mutual friction parameters and the normal fluid velocity, we see that on one side of the reference axis, the filament takes on a helical form far enough away from x = 0, whereas on the opposite side of the reference axis the filament undergoes strong growth in space. Near x = 0, however, the solution maintains a planar form, even for larger values of the mutual friction parameters or the normal fluid velocity. From this, localized planar structures can exist in a superfluid, even if such structures are no longer global like in the classical LIA.
From the Donnelly-Glaberson instability, we know that helical Kelvin waves along a vortex filament amplify in time. By contrast, the deformed planar filament exhibits growth in space of the perturbations along the line filament. Unlike in the case of the helical perturbations where amplification or de-amplification is global, this spatial growth of the planar filament is local in nature, with a strong dependence on the direction of the normal fluid velocity.
A general mathematical stability analysis, of the type considered in [18] for the classical LIA, is very complicated for the vector equation (1.3) which includes mutual friction. However, one can study the stability of the present solutions under specific small perturbations, numerically. What one finds is that the present solutions are robust under order O(α 2 ) perturbations. Therefore, the solutions maintain their spatial structure as time evolves, with the motion being a rotation about the central axis. This is consistent with the planar solutions to the classical LIA. However, note that the approximation (3.1) neglects motion that is not rotational. This motion occurs at O(α 2 ) (for the numerical cases we have considered). So, the approximation (3.1) is valid for sufficiently small α. The error owing to such an approximation is shown in figures 2 and 4. In the V → 0 limit, the small O(α 2 ) error results in a slow spatial growth of the filament, even though one would not be physically expected when V = 0. When V = 0, then the spatial growth is dominated by the O(α) growth discussed above and the O(α 2 ) error does not play a strong role.
The classical LIA is obtained from the quantum LIA in the limit α, α → 0. This corresponds to the zero-temperature limit. On the other hand, when T → 2.17 K, the mutual friction parameters become of order unity. In this limit, we are no longer in the perturbative regime, so neglecting non-rotational motion of a filament is no longer feasible. An assumption other than that given in (3.1) would therefore be required. The present results are most useful in the regime where both α and α are sufficiently small so that α 2 α, which according to [8] is the regime where T < 2.0 K. While planar or deformed planar solutions do not appear likely in this limit, other solutions are certainly reasonable. For instance, helical solutions can exist in the 'warm' T → 2.17 K limit.
In the case where the growth of the deformed planar filament in space is strong (i.e. the warmer superfluid case), non-local effects will likely play a considerable role in the time evolution of the vortex filament in an unbounded domain. If the filament is confined to a finite spatial domain, there will be a limit to the extent to which the filament will grow in space. In this situation, there will be a segment of the filament which grows in space although the growth will be limited by the size of the domain. However, to more properly model this scenario, non-local effects likely need to be taken into account, as the large amplitude segment of the filament would possibly interact with the boundary of the domain. Therefore, while the spatial growth under LIA is continuous in the direction of the normal fluid flow, realistically any tendency for the amplitude to grow without bound would likely be mitigated by non-local effects once the amplitude was large enough. The first step in studying the non-local effects would be to consider whether planar vortex filament exists under the full Biot-Savart dynamics, which is what the classical LIA approximates. As it turns out, such filaments can actually be shown to exist under the non-local dynamics, and this will be the topic of a forthcoming paper [26] .
